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Abstract. In this article, we study the elements with disconnected centralizer 
in the Brauer complex associated to a simple algebraic group G defined over 
a finite field with corresponding Frobenius map F and derive the number of 
F-stable semisimple classes of G with disconnected centralizer when the order 
of the fundamental group has prime order. We also discuss extendibility of 
semisimple characters to their inertia group in the full automorphism group. 
As a consequence, we prove that "twisted" and "untwisted" simple groups of 
type Eq are "good" in defining characteristic, which is a contribution to the 
general program initialized by Isaacs, Malle and Navarro to prove the McKay 
Conjecture in representation theory of finite groups. 



1. Introduction 

This article is concerned with the semisimple characters of finite reductive groups. 
A finite reductive group is the fixed-point subgroup of a connected reductive 
group G defined over the finite field ¥g of characteristic p > 0, where F : G — >■ G is 
the Frobenius map corresponding to this Fg-structure. The semisimple characters 
of G^ are the constituents of the duals of Gelfand-Graev characters (for the Alvis- 
Curtis duality) and play an important role in the ordinary representation theory of 
G^, because, apart from a few exceptions, they are the p'-characters of G^ (that is 
the irreducible characters of G^ whose degree is prime to p). In the following, we 
will write Irrs(G^) for the set of semisimple characters of G'^. One of the aims of 
this work is to study these characters, compute their number, understand the action 
of the automorphism group of G^ on Irrs(G^); and determine the extendibility of 
X S Irr5 (G^) to its inertia group in the full automorphism group. These questions 
are crucial, for example in order to prove that G''^ satisfies the inductive McKay 
condition at the prime p. 

Using Deligne-Lusztig theory |10j, Lusztig has shown that the irreducible char- 
acters of G^ can be partitioned into series (the so-called rational Lusztig series) 
labelled by the semisimple classes of G*^ , where (G*,F*) denotes a pair dual 
to (G,F). If such a series is labelled by a semisimple class of G*^ with rep- 
resentative s, then it contains \Ac,-{s)^ \ semisimple characters, where Ag*{s) ~ 
Cg* (s)/ Cq. (s) is the component group of s. In fact, Irrs(G^) can be parametrized 
in a natural way by pairs (s,^) where s runs over a set of representatives of the 
semisimple classes of G*^ and ^ G Irr(AG»(s)^ )• So, in order to understand 
Irrs(G^), we have to particularly consider the semisimple classes of G*^ and 
their component groups. 
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In we explicitly computed the number of semisimple classes of G*^ when 
G* is simple and p is a good prime for G*. For that, we used the theory of 
Gelfand-Graev characters for connected reductive groups with disconnected center, 
developed by Digne-Lehrer-Michel in |12j and [13j . This method gives a lot of infor- 
mation on the F*-stable semisimple G*-classes of G* with disconnected centralizer 
(by the centralizer of an F*-stable class, we mean the centralizer of a fixed F*- 
stable representative), which allows us to prove the inductive McKay condition in 
defining characteristic for simple groups coming from simple algebraic groups with 
fundamental group of order 2; see fT^, Theorem 1.1]. However, we cannot derive 
from [5J all information that we need, especially phenomena appearing only in the 
algebraic group, as for example the description of the F*-stable semisimple classes 
with disconnected centralizer such that the fixed-point subgroup Ag<- (s)^ is trivial 
(s is any F*-stable representative); see Remark 12.141 

In this work, we will consider the Brauer complex, initially introduced by J. 
Humphreys in [18J for describing p- modular representation theory of G^. When 
G is a simple simply-connected group, Deriziotis proved in [llj that the i^-stable 
semisimple classes of G (and thus, the semisimple classes of G^) are parametrized 
by the faces of the Brauer complex of maximal dimension. We generalize here some 
results to any simple algebraic groups using an approach of Bonnafe ^ . 

Moreover, we are interested in the problem of the extendibility of semisim- 
ple characters of G^ to their inertia groups in Aut(G^). Digne-Michel [TS] and 
Malle [21j developed a theory of Deligne-Lusztig characters for finite disconnected 
reductive groups. Using this theory, Sorlin [22] constructed extensions of Gelfand- 
Graev characters of G^ to G^ x ( ct ) , where cr is a quasi-central semisimple or 
unipotent automorphism of G. We will use results of [22j in order to prove that, 
under certain assumptions, the semisimple characters of G^ are extendible to their 
inertia groups in the full automorphism group. 

Finally, recall that the McKay Conjecture asserts that for any finite group G, 
if Irrj,'(G) denotes the set of p'-characters of G, then | Irrp'(G)| — \ Irrj,'(NG'(P))|, 
where P is a fixed p-Sylow subgroup of G. In PU], Isaacs-Malle-Navarro proved 
a reduction theorem of this conjecture to finite simple groups. They showed that 
if every simple group satisfies a refined property, the so-called inductive McKay 
condition (see |201 §10] for more details), then the McKay Conjecture holds for all 
finite groups. As an application of our results, we will prove that "twisted" and 
"untwisted" finite simple groups of type Eq satisfy the inductive McKay condition 
in defining characteristic. 

The paper is organized as follows. In Section [2l we introduce the Brauer com- 
plex of G and describe the faces containing points with disconnected centralizer; 
see Theorem 12.51 Then we compute the number of _F-stable semisimple classes of 
G with disconnected centralizer when G is not of type D2n and has fundamental 
group of prime order; see ProDOsition l2.11l Note that this result requires no condi- 
tion on q. Furthermore, if G is not of type D2n, we describe the i^-stable points of 
the Brauer complex in the case that F acts trivially on the center of G; see Proposi- 
tions [23£] and [2371 As first consequences we prove that Hp is odd, then the McKay 
Conjecture holds for G^ at the prime p, where G is a simple and simply-connected 
group of type D2n+i', see Remark l2.18l It also holds for p = 2 (resp. p = 3) when G 
is a simple and simply-connected group of type Eq (resp. Ei); see Remark 12.151 In 
Section [3l we recall the construction of semisimple characters and give the action of 
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automorphisms of on Irrs(G^). Then we discuss extendibihty in a special case 
of these characters to their inertia groups; see Proposition l3.13l Finally, in Section[4] 
we prove the inductive McKay condition in defining characteristic (for p > 3) for 
"untwisted" simple groups of type Eq in Theorem l4.9[ and for the "twisted" version 
in Theorem 14.101 Note that these methods also prove that the inductive McKay 
condition is satisfied at the prime p by simple groups of Lie type of type such 
that 2n + 1 is a prime number distinct from p; see Proposition 14.121 

2. Semisimple classes with disconnected centralizers 

2.1. Notation. Throughout this paper, G denotes a simple algebraic group over 
Fp. We fix a maximal torus T contained in a Borel subgroup B of G. Let (f> be the 
root system of G relative to T. We write and A for the set of positive roots 
and the set of simple roots of $ corresponding to B. We denote by X{T) and Y{T) 
the groups of characters and cocharacters of T and write ( , ) : ^(T) x ^(T) Z 
for the duality pairing between X{T) and Y{T). For a e $, we denote by 
the coroot of a and write <i>^ = {a^ | a e $}. We define V ^ Q (Siz ^(T) and 
V* — Q ®z -'^(T), and extend ( , ) to a nondegenerate bilinear form 

( , ) : X^* X V" ^ Q. 

Let Gsc (resp. Gad) be the simply-connected version (resp. adjoint version) of 
G. We denote by tTsc : Ggc — > G and vTad : G — Gad corresponding isogenics. 
Write Tsc = 7r~^(T) and Tad = 7rad(T). Then Tsc and Tad are maximal tori of 
Gsc and Gad, and the surjective homomorphisms ttsc : Tsc ^ T and TTad : T 
Tad induce injective homomorphisms tTscX : -'^(T) — > X(Tsc), X ^ X° '"'sc and 
TTad.x : -'^(Tad) ^ X{T),x ^ X° T^ad- Using TTsc.x and TTad.x, we identify X{T) 
with a subgroup of X(Tsc) containing X(Tad), such that the root systems 7rsc($) 
and TT^j ($) of Gsc and Gad are identified with $. Similarly, using the injective 
morphisms tTscY : F(Tsc) >'(T), 7 ^ tTsc o 7 and 7rad,y : Y{T) F(Tad), 7 ^ 
TTad o 7 induced by ttsc and TTad, the group Y{'T) is viewed as a subgroup of K(Tad) 
containing F(Tsc) such that 7i'~Y(^^) ^"^^ T^ad.vi'^^) are identified with Note 
that V = Q«)zy(Tsc) = Q«)zF(Tad), V* = Q®^X{T,,) = Q«)z^(Tad), and the 
linear maps t^sc,x and 7rsc,y (resp. TTad.x and 7rad,y) are adjoint maps with respect 
to ( , ) . We define the group of weights by 

(1) K = {\^V*\{\a') (=,1 VaG$}. 

Recall that X(Tad) = Z'J' and X(Tsc) ~ A, and the fundamental group of <I> is the 
finite group A/Z$ = X(Tsc)/^(Tad)- Now, we denote by (Ti7^)aeA and {wa)a(iA 
the dual bases with respect to ( , ) of A and A^ — {a^ \ a e A}, respectively. Since 
X(Tad) = Z$ and A:(Tsc) ( vja, a e A}z, we deduce that 

(2) y(Tsc) = 0Za^ and y(Tad) = Z n7^. 

aeA aeA 

We denote by = Ng(T)/T the Weyl group of G. Then W acts on X(T) and 
on Y{T) by 

(3) ^x{t)^xin and 7^(0 = 7(0'", 

for 7 e y (T), X e X{T) and i S T. In particular, we have ( "'x, 7 ) = ( X, T'" ) and 
W{^) = $ and W^($v) = Recall from [9, §1.9] that = ( s„ | a G $ ), and for 
X e ^(T) and 7 £ Y{T), we have Sa{x) = X-(x,a^ )" and 5^(7) = 7- (a, 7)0^. 



4 



OLIVIER BRUNAT 



2.2. Semisimple classes with disconnected centralizers. We denote by Qp> 
the additive subgroup of Q of rational numbers of tire form a/b with b not divisible 
by p. We choose an isomorphism of groups 1 : Qp'/Z as in 3.1.3]. 

Moreover, following [SI 3.1.2], we identify the group Qp'/^ "^z ^(T) with T using 
the isomorphism of groups Z : Qpi /Z ^(T) ^ T, r 7 i— ;> j(T{r)). Furthermore, 
there is a surjective homomorphism from Qp/ 0z Y{T) onto Qp'/Z ®z ^(T) with 
kernel ^(T), which induces the isomorphism of groups 

(4) T ~ Qp,/Z ®z Y{T) ^ Qp, ®z Y{T)/Y{T). 

Note that the action on W on Y{T) defined in Equation ^ can be naturally 
extended to Qp'/Z YiT) and to {Qp- ®z Y{T))/Y{T) and is compatible with 
the isomorphisms of Equation We define Wa = ^(T) x W. Note that Wa acts 
on as a group of affine transformations by 

(7--u;)(A®7') = A®7"" +7, 

for 7, 7' G F(T), A e Q and w e VF. So, we have 

(Qp. ®z r(T)/r(T)) iw = Qp. ®z r(T)/vFa. 

Since the set of semisimple classes s(G) of G is in bijection with the set T/W of 
M^-orbits on T (see ^ 3.7.1]), we deduce that s(G) is in bijection with 

(5) iQp'®zYiT))/Wa, 

Now, we write ao for the highest root of (with respect to the height defined by 
A) and put 

(6) ao= ^Tia a, 

with n„ G N* . We define the affine Weyl group Wa of V as the subgroup of affine 
transformations of V generated by Sa (for a G A) and Sq.o,i = Sag + Qfg . Then 
by [H p. 174], the alcove 

'S'= {XeV \ (a,A) > Va G A, (ao. A) < 1} 

is a fundamental domain for the action of Wa on V. Recall that Wa = Y{Tsc) x W 
(see [4, VI§2, Prop 1]). In particular, Wa < Wa, which implies that every M^a-orbit 
of V contains at least one element of We write 

A = A U {-ao} 

for the affine Dynkin diagram of G and Amin = {a G A | tIq. = 1}, with the 
convention that n^aa = 1- For a G Amin, we set Za — WaWo, where wq and Wa 
are the longest elements of W and W^\^a}, respectively (note that w-qq — wq and 
Z-oiQ = 1). Then induces an automorphism of the extended Dynkin diagram A. 
We define 

A= {Za\a e Ainin}. 

Recall that A is isomorphic to the center Z(Gsc) as follows. By [4, CoroUaire 
p. 177], we have Z(Gsc) = {t(-ci7^) | a G Amin}. Moreover, for z G Z(Gsc), there is 
a unique element Wz £ W (obtained as the projection on W of any element uj of 
Wa satisfying a;('^) — y + ior y £ Qp' (g) Y{T) such that l{y) — z; note that 
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Wz is well-defined because it does not depend on y). Then \^ Proposition 6 p. 176] 
implies that Za = wk^^-j) for a £ Amin- Furthermore, the map 

(7) z(Gsc)^A 

is an isomorphism of groups; see [H VI. §2.3]. 

Now, we write Wa — (F(Tad), W) and T^^ for the subgroup of Wa which stabi- 
lizes 'la . Then in p, VI, §2 Prop 6], the following result is proven. 

Proposition 2.1. The group of automorphisms of A induced by elements ofW is 
A. For a e Amin, we set fa = Za + tn^. Then we have 

= {/q I a e Amin}- 

Moreover, the map 

tu^ : ^ ^ y(Tad)/F(T,c), Za^mX + F(T,c), 
is an isomorphism of groups. 

Note that, by composition of cc^ with the isomorphism defined in Equation ([T]), 
we can identified the quotient F(Tad)/V(Tsc) with Z(Gsc)- 

For A e we will denote by (Aq)^^^ its affine coordinates, that is, the unique 
family of rational numbers such that X^oga ^ ^ ^ ~ X^aeA "^here 
ria are the integers defined in Equation ^ and 'cul^^ = 0. Note that A G if and 
only if Aq > for every a G A; see [H CoroUaire p. 175]. 

Now, following [2], we define the subgroup of A to be the inverse image of 
y(T)/r(Tsc) under w^. We also define 

(8) Amin,G = {a e Amin 1 2q e ^g} and Pg = {/a I a e Amin.c}. 

Then Bonnafe proves in [2l (3.10), Cor. 3.12, Prop. 3.13] 
Theorem 2.2. 

(1) For a e Amin and A = (A/j)^^^ £ we have fa{X)i3 = ^z-^(fi) f°'^ /3 e A. 

(2) The points X, fj, £ are in the same W a-orbit if and only if there is z £ Ag 
such that z{\) - e V(T). 

(3) Let [s]g G ^(G) be a semisimple class with representative s £ G corre- 
sponding to a W a-orbit [A] (here, A denotes a representative in ) on ^<a . 
Then /a = {a £ A | A^ = 0} is a basis of the root system of Cg(s)° and 
the component group Ag[s) = Cg(s)/ Cg(s)° is isomorphic to 

Ag{\) {2 £ y^G I Va £ a, A^(„) = Ac}. 

For a £ Amin, we write 

(9) Va^{v&V\fa{v)=v} 
for the affine subspace of V of the invariants under /„. 

Lemma 2.3. Let a, a' £ Amin- U i^a) — {za'), then Va = Va' ■ Moreover, if fio, 
denotes the set of [z^ )-orbits on A, then 

dim(i4) = in^l - 1. 

In Table QJ we explicitly give the dimension of Va for every irreducible extended 
affine Dynkin diagram. For the notation, we use the labelling of Bourbaki [U 
Planche I-IX]. In particular, note that Zq. (— ao) = at. 
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Type 


\A\ 


A 




dim(y„) 




n+1 


{Za, ) 


d|n+l, Z^^ 


d-1 


Bn 


2 






n-1 


Cn 


2 






LfJ 




4 


(^a„ ) 


2 


n — 1 
2n- 1 


D2n 


4 




'^Ctn ■) ^Ot-n — 1 

■^Q.n'^Ck.n — i 


n 

2n - 2 


Ee 


3 


(2:01 > 




2 


E7 


2 


(2^01 > 




4 


Es 


1 


{1} 


1 


8 


G2 


1 


{1} 


1 


2 


F4 


1 


{1} 


1 


4 



Table 1 . The dimension of the invariant subspace 



2.3. Fixed-points under a Probenius map. Now, we suppose that G is defined 
over the finite field (for q a p-power) and we denote by : G — > G the corre- 
sponding Frobenius map. We assume that F is the composition of a split Frobenius 
with a graph automorphism coming from a symmetry p of A (which could be triv- 
ial). We suppose that the maximal torus T of G is chosen to be F-stable and 
contained in an F-stable Borel subgroup B. Moreover, F induces Frobenius maps 
on Gsc and Gad (also denoted by F) such that F and the isogenics tTsc and TTad 
commute. We can define an i^- action on X{T) and ^(T) by setting 

F{xm = x{F{t)) and F{j){x) = F{j{x)), 

for X e ^(T), 7 e Y{T), t e T and X e¥p. The F-action on r(T) extends 
naturally to Qp'/Z (g)^ Y{T) and to (Qp, (i)^ Y{T))/Y{T) and is compatible with 
the isomorphisms of Equation ^ . Since the set of F-stable semisimple classes of 
G is in bijection with the set {T /W)^; see [9] 3.7.2], it follows that it is in bijection 
with the se_1^(Qp' ®z F(T)/TFa)^. 

We put Wa^q = F-'^{Y{T)) yi W. Then the map 

F : Wa^q ^ Wa, yw ^ F{y)F{w), 

is an isomorphism of groups. Note that Wa is a subgroup of Wa,q- Furthermore, 
for w G y and g G Wa,q, we have 



(10) 



F{g){F{v)) ^ F{g{v)). 
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We define Wa,q = F-^{Y{Tsc)) x W and Wa^q = F-^{Y{T^a)) x VF. In particular, 
we have Wa^q < VVa,q < W^a.q- Moreover, Equation (fTU)) implies that the set 

is a fundamental region for the Wa. ^-action on V. We denote hy hq : V ^ V the 
homothety with origin and ratio |. Recall that F acts on V by ■ Fq, where 
Fq : V ^ V is a linear transformation defined by Fo{a) = p~^{a) for all a G A. 
Note that V can be regarded as a euclidean space on which the elements of Wa and 
Fq act as isometries. In the following, we will denote by do the associated metric. 



Since (Fo(x),7) = 
For a £ A, we set 



[x, Fo{j)), we deduce that ^o(^^q) = tJ^); 



1(a) 



for every a € A. 



7p(a)- 



Note that n„ 



-1(a) 



Hence, A 

fa,q 



mm IS P 

^p(q) 



^-stable. For a G Amin, we define 



a,q' 



Lemma 2.4. Lef a e A„ 



r/ien i/ie following diagram is commutative. 




Proof. For every a G Amin, we set la — A\{a} and = W/^ (/„) the correspond- 
ing root subsystem with basis /„. Since f-ao = f-aa,q — 1: the lemma is trivially 
true for —a^. Fix now a £ A with riQ, = 1. For every x , we have 

Moreover, we have p{Ia) = Ipa ^-nd ^p[a) ~ p{'^a)- If Wq, and Wp(ct) are the longest 
elements of Wi^ and , then Wp^a) — p{wa)- Indeed, for every /3 e A, we have 

^p(/3) = Ff^'^spFQ which implies that p{wa) — F^^WaFf). Now, if /3 e *^p(a)' then 
p{wa){li) — Fq"^(— Fo(/?)) = — /?, as required. So, we have F^^ZaFo = Zp(Q), and 
the result follows. □ 

Note that Wa.q is the afhne Weyl group generated by Sq for a e A and by 
the affine reflection Saa,i/q — Sag + ^<^o ■ We denote by Hq the collection of all 
hyperplanes defined by the affine reflections of Wa,q- Moreover, Wa is a subgroup 
of Wa,q- It follows that is a union of certain transforms of '^q under Wa.q. We 
write Eq for the set of elements oj € Wa,q such that Lci(^€q) C and define 

(11) ^q = {uj{%)\u^eEq\. 

We now can prove 

Theorem 2.5. Let a G A,nin. We define 

Ma.q ^{^^Eq\fa {,UJ{%)) = UJ{%)}. 

Let Va be the subspace of invariants as in Equation (0). IfVa is contained in some 
hyperplanes of Tig, then \Ma.q\ — 0. Otherwise, we have \Ma,q\ = gdmiV^^ 
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Proof. Since Wa is a subgroup of Wa,q, it follows that fa G Wa.q- In particular, fa 
permutes the elements oiTiq and also the set of alcoves uj{'^q) for oj e Wa.q- Hence, 
fa permutes the elements of flq (because for cj G Eq, we have fa{'jj{'^q)) C ^^). We 
denote by € Wa.q the element such that 

(12) ra{%)^fa{%). 

Let Lo ^ Eq. Then we have 

= fo^Cofa' {fa{%)) 
= /aC^/-V„(^,), 

Furthermore, the group Wa.g normalizes Wa.q, which implies that fa<j^fa^ G Wa,q. 
In particular, we have fa^fa^ra G Wa.g- However, by [U VI. §2.1], the group Wa.q 
acts simply-transitively on the set of alcoves {uj{'^q) \ uj G Wa.g}- It follows that 
fa^fa'^fa = which implies 

(13) UJ^'^ faOJ ^ r^^ fa 

Note that r^^fa{'^q) — '^q and r^^ fa G Wa.q. Proposition 12.11 implies that there is 
a G Aniin such that fa^q = r^^fa. We define 

(14) m : Amin ^ A^in, a 1-^ 5. 
Hence, the following diagram is commutative 




For A C V and f : V V, we denote by the subset of elements of A invariant 
under /. So, Equation implies that uj : '^/°''' ^> uj{^q)^°' is bijective. Thus the 
sets ' and uj{^q)^'^ are isometric. Let a; G Vq. Suppose that a; lies in the interior 
of some w('^q) for some ljj E Eq. Then a; — foi{x) lies in the interior of /(w('^g)), 
which implies that fa{^{^q)) — ^{^q)- Conversely, if a;(^g) is /Q,-invariant, then 
the interior of uj{'^q) contains elements of Va (for example, the isobarycentre of the 
simplex a;(^q), because fa is an affine map). It follows that Ma,q = if and only 
if Va is contained in some hyperplane of l-Lq. 

Suppose that Va is not contained in some hyperplane of T-Lq. For H G T-Lq, 
consider the afHne space Va H H . Then dim( H H) < dim Va (otherwise, Va 
would be contained in H). This implies that 

(15) Vol('^^°)=Vol y H 

Furthermore, we have 



(16) ^^°\ U H= \J L0{^q 



'~\-^q/ 
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Since Vo^cjC^^g ^ Vol(w('^q)-''°) for every w £ Ma,q, Equations (US]) and (fTe]) 
imply that 

(17) VolC^^°)= ^ Vol(wCr,)^°) . 

Moreover, the sets and are isometric. Thus they have the same 

volume, and Equation ()17p implies that 

, , Vol('^#'^°) 

(18) |M„,,| ^ '- 



Vol 



Thanks to Lemma [2^ we have Fi^gl"^'" )^'^f^. By Equation ^ and Lemma [2^ 
fa and fs are conjugate (in the group of afhne transformations of V). Hence, Za 
and Za have the same order. If G is not of type then A is cyclic. This implies 
that (za) — (za) and thanks to Lemma 12.31 we have Va = Vg. Hence, we have 
'g'/a — 'g'/s . If G is of type Z?2n , then the invariant subspaces of and fs have 
the same dimension (because and /g are conjugate). Table [T] implies that there 
is I > such that a — p'(a). Then fs = Fq^^/^Fq, and "^^^^ and "^^^ are isometric. 
We have proven that 

Vol (f(^/°'')) = Vol (^^°) . 

Since F = h-'^Fo, we deduce that Vol (fC^/" ')) = Vol (^"r/" ') , and it 

follows that Vol (^"if/"") = qdiJ(^/-„) VolC^^"). Now, the rcsuh follows from Equa- 
tion (dll). □ 

Remark 2.6. If Va is contained in some hyperplane H of Hq, then is not a wall 
of Indeed, the walls of ^ are the hyperplanes i/^ = {A e | ( /3, A ) = m^} for 
/? e A, where m^j = for /3 S A and m^ao = ~1- Let /? G A. We then define the 
element A" by setting A" = "^^^^| for alH > and A" = for 7 ^ ( ) • /3. 
Note that A° € ^ and /„(A°) = A". Moreover, (,3, A° ) = + ^^^^^ ^.^^ ^ m^, 
which implies that A" ^ i/^. 

Lemma 2.7. Lei A G ujC^^q) for some uj S Eq. We suppose that A ^ Amin- Then, 
A /ies m an F -stable W a-orbit if and only if there is a & ^mXn with Za £ such 
that F{\) = F{uj)fa{\). 

Proof. Since F(a;('^g)) is an alcove for Wa, there is a unique w G VFq such that 
vF{ijj{%)) = In particular, i;F(A) G If F(A) and A lie in the same Wa- 
orbit, then vF{\) and A too. Then, by Theorem I2.2f 2). there is Za S (for 
a e Amin) such that vF{X) - Za{\) e Y{T:). Since ro^ G Y{T), we deduce that 
vF{X) - fa{\) G Y{T). But vF{\) and /„(A) lie in "T. We denote by (A</3)^gA ^nd 
(A^)^g^ the affine coordinate of vF{X) and /q(A). We have 



.F(A)-/„(A)=;^^^^,-. 



3eA 
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We have < < 1 and < < 1 for all /3 G A (because vF{X) and /a (A) lie in 
'^^). Thus, for every /3 G A, we have 

n/3 ~ 71/3 ~ np 

Since Y{T) < F(Tad), we deduce from Equation ^ that /i,? = A^ if /3 ^ Amin- 
Suppose that /3 G Amin- Then 71^ = 1 and — A^ G { — 1, 0, 1}. If /x^ — A^ 7^ 0, 
then we can assume that jip — 1 and A^ = 0. Then /i^/ = for all 7^ /3, and 

vF{\) = n7^. Similarly, we deduce that /q(A) = ro^, for some /3' G Amin (because 
/q,(A) 7^ uF(A), which implies that there is (3' G A,„iii with A^, =1). It follows that 

A = ^ ^min- 

So, if we assume that A ^ Amin, we deduce that vF{X) = /q(A). Moreover, 
vF{oj{%)) = implies that F{uj)['£) = v-^{'€). Since F(uj) G Wa, it fol- 
lows from 01 VI.§2.1] that F(uj) = y-^ . Conversely, if F(\) = F{Lu)fa{X), then 
F{uj^^)F{X) and /a(A) are in So, we have 

F{uj-')F{X) - z„(A) = -w^ G y(T), 

and the result comes from Theorem 12. 2f 2). □ 

Lemma 2.8. Suppose that A is cyclic. For a G A„iin, a =/= —a^ and lj G Ma^q, if 
X G Lo{^S'q) lies in an F-stahle Wa-orbit, then A G Vq. 

Proof. Suppose there is tn^ G ijj{'^q) with (3 G Amin. Then fa{wp) — n?^. More- 
over, vup — //3(0) and /q(0) — tu^. It follows that 

fpiO = fpfciO) = fcfm = /o(tn^) = = /MO), 
which implies that ro^ = 0, i.e. a — — ao- 

So, this proves that A ^ ^min and by Lemma 12.71 there is /3 G Amin such 
that u!F~^ ffs^X) ~ X. Then A is a fixed-point of the map LoF^^ff^ : — > a;('^g), 
which is a contraction map with rapport 1/q with respect to the metric do- By the 
contraction mapping theorem, A is the unique fixed-point of this map. We write 
a = m{a) where m is the map defined in Equation ([T4| . Then, using Lemma [231 
and Equation ([T^ . we deduce that 

toF-'fpfs - LoF-'fsfp 

= ^fa.qF^^fp 

= fo.^F-^fp. 

In particular, we have LoF-^fp{'iff^) = Lo{%y'' . Moreover, in the proof of The- 
orem 12.51 we have seen that A cyclic implies that — "^f" . Hence, it follows 
that 

u:F-^fp{^f-)(Z^f-. 

So, A is the limit of the sequence defined by xq G and Xk — luF^^ fp{xk-i) for 
fc > 1. Since '^^'^ is closed, we deduce that A G as required. □ 

The proof of Lemma [2.81 shows that the map LuF^^fa : u:{'^q) for u G Eg 

and a G Amin has a unique fixed-point, denoted by X^j^a in the following. Moreover, 
we define 

(19) Sq,a^{X^,a\uJ EEq}. 
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To simplify, we will write S'g.-a,, = Sq and Atj,_a(, — X^j. 

Lemma 2.9. Let a G Amin- If rn : Amin Amin denotes the map defined in 
Equation then ro^ G 5*,^ if and only if m{a) = a. Moreover, if vu^ S Sq, then 

for u €z Eq and /3 G Amin we have 

where lo' = fa^fa^fa and is defined in Equation 1113]}. 
Proof. We have 

ro^F-^w"^) = r„i^-V„(0) 

= rafm{a),qF^^{0) 
= /m(Q)(0) 

Hence, m(Q;) = a if and only if ccj^ G Sg. For w G Eq, we denote by G Eq the 
element such that fa{ijj(^q)) = w(^g). We have 

fc.0jf-\o.{'^q)^L0\%). 

Since fa^jf^^r^ and lie in W^^g, we deduce from [4, VI. §2.1] that w' — fa^jfa^r^. 
Now, if m{a) — a, for /3 G Amin, we deduce that 

fa{\u,..l3) = faOjF^^fi3{\u,.fi) 

= fa^fa^'^afm{a),qF^^ffs{Xu,,l3) 
= w'F''^fl3[f^(a){Xu,,l3)) 

By unicity, we deduce that /a(Aai,^) — Xui'.ii- D 

Remark 2.10. In [9, 3.8], it is proved that S'g C Qp' ®z >"(Tsc). Since r(Tsc) < 
F(T), the VKa-orbits on 5g parametrize some F-stable semisimple classes of G. 

Proposition 2.11. Suppose that Ag = {za) (for some a G Amin.cJ has prime 
order and assume that G is not of type D2n- IfVa is not contained in some hyper- 
plane ofHq, then the number of E -stable semisimple classes ofG with disconnected 
centralizer is gdiin(VQ)_ Otherwise, there are no E -stable classes with disconnected 
centralizer. 

Proof. Since Ag has prime order, the VKa-orbit of A G corresponding to (see 
Equation ([5])) a semisimple class of G with disconnected centralizer lies in V"q, by 
Theorem l2.2r 3). First suppose that Va is not contained in some hyperplane of T-Lq. 
Then, Ma,q is non-empty. In the proof of Lemma 12.81 showed that if A G w('^g) 
with cj G Meg is such that its VFa-orbit is F-stable, then A = X^,p for some 
(5 G Aniin,G- Moreover, by Lemma [2.81 we have A G V^. Since Ag is generated 
by we have Va Q Vp. This implies that fj3{X) — A. Thus, A — X^^^p for all 
/? G Aniin.G and A is the unique element of w('^g) lying in an F-stable M^Q-orbit. 
So, in particular, A = A^^. Moreover, Theorem I2.2r 2) implies that for oj' G Ma^q 
such that ui ^ lo' , the elements Xu: and Xuj' are not VFa-conjugate. Then there are 
jMa^gl such elements. By Remark [2. 10[ these points lie in Qp' (g)z Y{T) n and 



12 



OLIVIER BRUNAT 



correspond to the F-stable semisimple classes of G with disconnected ceiitrahzer. 
The claim then follows from Theorem 12.51 

Suppose now that Va is contained in some hyperplane of Hq, and assume there 
is X G Va with i^-stable 14^a-orbit. Then A ^ Amin (because a ^ — ao and no 
element of Amin is fixed by /„). Hence, Lemma [2.71 implies that F{X) = F{u!){X) 
with u! G Eg such that A S toi^q), i.e., A = u!F~^{X). Then, A G Sq. However, 
by [9l 3.8.2], A lies in a unique element of fig, which contradicts the fact that A lies 
in a hyperplane which is not a wall of ^ (see Remark 12. 6p . □ 

Lemma 2.12. If p does not divide |^g|; then for every a G Amin.q; the invariant 
subspace Va is contained in no hyperplane of Tiq . 

Proof. As we remarked at the end of the proof of Proposition l2.1H if there is A G S'g 
such that /q(A) — X for a G Amin^G, then Va is contained in no hyperplane of Tiq. 
Suppose there is A G such that: 

(1) We have A G Qp' ®i F(Tsc) n "T. 

(2) The type I\ is not equal to the type of for every /i ^ A. 

(3) We have /„(A) = A. 

Let A be such an element. Property (1) implies that there is a semisimple class \s\g^^ 
in Gsc corresponding to A. Then F{s) is a semisimple element whose centralizer 
is of the same type as the one of s (because F is an isogeny) . Let /i be the point 
of ^ which is WQ-conjugate to F{X), i.e, ji corresponds to the class of F{s) in the 
identification given in Equation ([S]). By Theorem I2.2f 3). we have = I\ and it 
follows from Property (2) that A = /i. Hence, the Wa-orbit of A is F-stable. We 
conclude using Property (3). 

Suppose that p is a prime that satisfies the condition in Table [21 For types 
Bn, C2n, D2n, Eq and i?7, the corresponding elements given in Table [2] satisfy 
Properties (1), (2), and (3). The result follows in these cases. Furthermore, for the 
type C2n+i, if we denotes by A„ the corresponding element of Table [5J we have 



where eq G {—1, 1} is such that q = eq mod 4. Put S ^ ii eq ~ 1 and ^ = 1 
otherwise, and define r„ = tnWg, with t„ the translation of vector {q — eg) ■ A„ G 
F(Tsc) and wq is the longest element of W. By 01 Ch. VI, §4.8], wq acts on y as — 1, 
which implies that wo(A„) = — A„. Thus, we have r„ G Wa and -F(A„) = r„(A„). 
It follows that A„ G Sq and we conclude as above. 

Note that if G is of type An , there is no element A G ^ which satisfies the above 
properties (1), (2), (3). So, in order to prove the result for the type An, we will more 
precisely describe the hyperplanes of Hq. For this, we write A — {ai | 1 < i < n} as 
in [H Planche I] and recall that the positive roots are the elements aij = X]i<r<j '^r 
for l<i<j<?T.+ l. Hence, the hyperplanes of Tiq are given by 



for l<i<j<n+l and k E Z. In particular, an element A = (Ai)i<i<„ lies in 
Hij,k if and only if 



F{Xn) = (g - Co) • A„ + eo ■ A, 




(20) 



i<r<j 
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Type 


A 


Type of h 




1 

2 ■ ^2 


Bn-2 X Ai X 




1 

2 • 


C„ X Cn 


C2n+1 P / 2 


k ■ '^2ri+l 


A2n 


D2n P 7^ 2 


1 

2 ■ 


Dn X D„ 




1 

3 • ^4 


A2 X A2 X A2 




1 

2 • ^2 


Aj 



Table 2. Some invariant elements 



Let Za G A. Write d for the order of and define the element G ^ such that 
^d,zi = ^/d for all i > and A^.^ = for /3 e A which is not in (zq, ) • ai. In 
particular, thanks to Equation (PO]) . A^ e ^^ij,*: for some l<i<j<n + l and 
1 < < (<Z~ 1) (we indeed can suppose that Hijj^ is not a wall of by Remark l2.6p 
if and only if qn^i — kd, where n^i — {{a^ \ i < r < j} Cl (z^) ■ ai\. Since q > k > 0, 
we deduce that p divides d. It follows that if p does not divide |^g|: then is not 
contained in some hyperplane, as required. 

Finally, if G is of type D2n+i, then we show using equations of hyperplanes 
derived from |4l Planche III] and an argument similar to type An, that the /„- 
stable element + roj^ 4- '^2n+i) ^^^^ hyperplane of %q which are not 

walls of □ 



Corollary 2.13. In tahle\^ we give the number n{q) of F- stable semisimple classes 
with disconnected centralizer for simple algebraic groups such that A has prime 
order. If s is a representative of such a class, we write Ag{s) — Cg(s)/Cg(s)° 
for the component group o/Cg(s). 

Proof. This is a direct consequence of Proposition [^?TT] and Table [T] The condition 
on p comes from Lemma 12.121 □ 

Remark 2.14. Recall that the Lang-Steinberg theorem implies that the number 
|s(G^)| of semisimple classes of the finite fixed-point subgroup is given by 

(21) k(G^)|- E I^g(s)^|, 

ls]aesiG)^ 
F(s)=s 

where the sum is over the set of F-stable semisimple classes of G and the represen- 
tative s is chosen to be F-stable, which is possible by the Lang-Steinberg theorem. 
Suppose that Ag has prime order. Then every semisimple element s with discon- 
nected centralizer has a component group Ag(s) isomorphic to ^g and so to a 
subgroup H of Z(Gsc) of order I^IgI (using the isomorphism of Equation ([7])), such 
that the actions of F on Ag(s) and on H are equivalent. In particular, we deduce 
that the actions of F on the groups Ag{s) for all s such that j4g(s) is not trivial, 
are equivalent. We denote by ci (resp. C2) a set of representatives of the F-stable 
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Type 


n(g) 


\Ag{s)\ 




n + 1 prime p 7^ n + 1 


1 


n+1 








2 


Cn,ad 






2 


^6, ad 






3 


^7, ad 






2 



Table 3. Number of semisimple classes with disconnected centralizer 



semisimple classes of G with connected centralizer (resp. a disconnected central- 
izer) and we suppose that the elements of ci and C2 are chosen to be _F-stable. Then 
Equation (f2T|) gives 

(22) |s(G^)| = |ci| + |i/^|.|c2|. 

In [5], we computed |s(G^)| for every simple algebraic group G defined over F^; 
see O Table 1]. Moreover, it is well-known [9l 3.7.6] that 

(23) gl^l = |ci| + |c2|. 

In particular, if \H^\ is not trivial (this condition is for example related in [SJ Table 
1]), we can deduce n{q) — \c2\ from Equations (^5)1 and [5, Table 1]. We 

retrieve the results of Table [31 But, when is trivial (for example, for q = 2 
mod 3 for G of type Eq), we get in Equation (|22p no new information, and n{q) 
cannot be computed using [5]. 

Remark 2.15. In [5], the prime p is supposed to be a good prime for G, i.e. p does 
not divide any of the numbers (for a € A) defined in Equation (|6]). Note that 
Proposition 12.11] applies for any prime p which not divide |^g|; see Lemma 12.121 
In particular, we deduce from Equation (|2T|) and Table [3] that 

\.s{'EeM2f))\^2'f + 2^f+' and |s (i?7.ad(3^)) | = 3^^ -f 3^^, 

where e = 1 if is a split Frobenius map and e — —1 otherwise. Thanks to [SJ 
Proposition 5.9], the ordinary McKay Conjecture holds in defining characteristic 
for these groups. 

Now, we define 

0g = I I Sq^a- 

Proposition 2.16. Suppose that Fq is trivial and that q = 1 mod |v4g|. Then the 
Tc-orbits ofOq correspond to the F -stable semisimple classes of G in the bisection 
given in Equation (0). Moreover, if Ag is cyclic and G is not of type D2n, o,nd if 
for a g Amin G; the invariant space Va is not contained in some hyperplane ofHq, 
then we have 

where Qq,a denotes the set ofTc,-orbits of Oq whose representatives are contained 
in Va- 
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Proof. We have |^g| = \Y{T)/Y{Tsc)\- In particular, \Ag\ is the product of the 
elementary divisors of y(Tsc) < i^(T) (viewed as Z-modules). Hence, it follows 
that I^gI • Y{T) < Y{Tsc) and |^g| • ^-^(^(T)) < i^-i(y(Tsc)). For a e A,„i„, 
we have 137^ = q'^a (because Fq is trivial), and tu^ = (g — I)tz7^^ + n7^_g. Denote 
by Va the translation of vector {q— l)"!!?^ ^. Since |^g| divides q—1, the translation 
ra lies in F~^(Y{T)), and we have raijifq) C and ro^ — q'c^'^^q = '"a(^Q,g)- Thus, 
fa{^q)) = fQ('^^(j)- Furthermore, we have 

This proves that w'^ G Sa, and by Lemma we deduce that to (a) = a and that 
Fg acts on 8^. Now, since tu^ e Qq, Lemma [2.71 implies that the elements of 8g 
are the elements of whose VF^-orbit is F-stable. Moreover, by Theorem 12. 2f 21. 
two elements of are VFa-conjugate if and only if they lie in the same FG-orbit. 
As we have seen in the proof of Theorem [231 Fg acts on the set Vlq. We denote by 
S a system of representatives of J7g/FG- Then we have 

Qq/TG - U {Fg • I P e A„in,G}. 

Let Lu{^q) e S. Then we have |{Fg • >^ui,p | /3 e Amin,G}| = \Suj,q\, where S'^^g = 
{^Lj.p I P G Aiuin^G}- Furthermore, the proof of Lemma l2.9l implies that A^^.^ = ^uj,/3' 
if and only if there is / G Fg with f{uj{^q)) = i-u{^q) and /?' is the element of A,„iii.G 
such that fpi = f fa- This proves that 

= |Fg|/| St!^hrM%))\ = |Fg • 

It follows that 

|e,/FG|- \TG-u:{%)\^\Eq\^q\^\. 

The last equality comes from §3]. However, the number of _F-stable semisimple 
classes of G is g'"^'; see [21 3.6.7]. Hence, there are at most ql'^' orbits under Wa 
in Qp' (g)z Y{T) which are F-stable. It follows that the elements of Qq/Tc have 
to contain points in Qp/ ^(T) n and correspond to the F-stable semisimple 
classes of G. 

Now, we remark that Fg stabilizes Qq CiVa- Hence, we have 

6,,^ - OgnVa/rG- 

We set Sa = {uj{^q) e 5 I w £ Ma^q}- Note that the elements of Sa do not depend 
on the choice of representatives S of fig/Fc. Indeed, if a; S Ma^q and w' G Eq is 
such that there is / G Fg with uj'{'^q) = f{ijj{^q)), then lo' £ Ma.q because / and 
fa commute. Moreover, for lo G Ma.q, every A^j^^ with /3 G Amin G lies in Va (by 
Lemma [2781 because Ag is cyclic). Therefore, we have 

Qq,a = IJ {Fg • A„,^ I /3 G A„ii„,G}. 

w('i!?,)es„ 

As above, we conclude that |6q,Q| = |MQ_q|, and the result comes from Theorem l2.5l 

□ 
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Proposition 2.17. Suppose that Fq is not trivial and that q = —1 mod |^g|- 

Moreover, assume that G is not of type D2n- Then the conclusion of Proposi- 
tion \2.1b\ holds. 

Proof. Let a £ A^i^. For every /3 G A, we define sg = sp — ^ • . Write 
Za = n^Je/'^^i ^'^^ some index subset / of A and define 

2a = ]J e Wa,q. 

pel 

Note that Zai'ifq) = %-^-w'^ (by Proposition[13]) and ZaC^q-i-ro^) = 'tf^-^-vj'^. 
Furthermore, we have FoZaF^^ — ^p-ij-^j (see the proof of Lemma . Moreover, 
p acts on Ahy X x^^ (because A is cyclic; see [U Planche I-IX]). This implies 
that fp-i(a)fa = Id- Hence 

FoZaF^^i^ ■ wl) = • TI7^(„) + /p-i(a)/a(0), 

and we deduce that Za{FQ^{^-w^)) = -^-ru^- Note that Za{-^-w'^) = ■ w^- 
Since |.4g| divides (<z + 1) the translation t of vector (q+l)- lies in Wa. We set 
ra = tZaZa € Wa- Then rai^^g) C and ro^ lies in rai%)- Thus fai'^q) = rai^). 
Moreover, we have 

r^F,-\^^.ujl)=^l. 

This proves that nj^ e Sa and we conclude as in the proof of Proposition [2T6l □ 

Remark 2.18. Suppose that G is of type £'2n+i and that p is odd. Assume that 
G is of adjoint type. Thanks to Propositions 12.161 and \m\ we have 



a 






^2n+l g2n—l 



Note that we have in fact 6q,Q2n = 0g.Q2„+i- We denote by Cd{q) a set of represen- 
tatives (chosen to be F-stable) of F-stable semisimple classes of G whose centralizer 
component group has order d. Since G is of adjoint type, we have Ac, = ^ — Z4 
and d\4:. Furthermore, since Va2„ '~= Vai Q VIqq, we have 

(24) |c4(g)|=(?", |c2(9)|=<z2"-i-<z" and |ci(g)| = g^^+i - g^-i. 

Therefore, Equation (|2ip implies that 

|s(G^)| = g2«+i_^^2„-i^2g", 

and we retrieve the result of [S^, Table 1]. Now, using [F, Prop. 4.1] (note that G* is 
simply-connected), if we denote by Irrp'(G*^ ) the set of irreducible p'-characters 
of G*^ , then we deduce that 

|Iriy(G*-^')| = q2«+l ^ 3^2«-l ^ ^2g". 

Comparing with [5, Prop. 5.10], this proves that the ordinary McKay Conjecture 
holds for G*^ at the prime p. 
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3. Semisimple characters 

3.1. Stable semisimple and regular characters. In this section we keep tlie 
notation of Section [^31 and suppose tliat tlie Frobenius map : G — ^ G is split (i.e 
the map Fq : V V defined on pI7]is trivial). Moreover, we assume that p is a good 
prime for G. For every a £ $, we write for the corresponding one-dimensional 
subgroup of G normalized by T and choose an isomorphism Xa -^p ^ Xq, in such 
a way that F(xa{u)) = Xa{u'^)- Let p be a symmetry of the Dynkin diagram. Then 
we write a . G G for the graph automorphism on G defined for all a G $ and 
w G Fp by a{xa{u)) = a;p(Q)(7Qw) where 7^ = ±1 is chosen such that ^±a = 1 
for all a e A; see [8, 12.2.3]. Note that F and a commute. We denote by U the 
unipotent radical of B. Recall that B = U x: T and that U = nae*+ -^a- Note 
that the product in the last equation is the inner product of G. Now, we define the 
normal subgroup 

Uo = W x„ c u 

ae$+\A 

and the quotient Ui = U/Uq (with canonical projection map ttuo '■ U Ui). 
Then we have Ui ~ IlaeA (^^ direct product), and Up is i^-stable and con- 
nected, which implies 

(25) Uf ^ n Xf , 

(as direct product), because X^ is F-stable for every a g A. Fix ui £ such 
that 7ruo(ui)a 7^ 1 for all a G A (such an element is regular) and recall that 
Ag{ui) — Z(G), because p is a good prime for G; see [Ml 14.15, 14.18]. Then by the 
Lang-Steinberg theorem, we can parametrize the G'^-classes of regular elements by 
H^{F, Z(G)) HH 14.24]. For z e H^[F, Z(G)), we denote by the corresponding 
class of G'^. Furthermore, a linear character e Irr(U-'^) is regular if it has in 
its kernel, and if the induced character on (also denoted by the same symbol) 

satisfies Res-j^^ (0) 7^ Ix^ for all a G A. By [14, 14.28], we also can parametrize 

the T^-orbits of regular characters of IJ-'^ by i/^(F, Z(G)). For this, we fix a 
regular character (f>i of U''^. Then, for every z e H^{F, Z(G)), the regular character 
(j)^ ='^(^1, where tz is an element of T such that t~^F{tz) e z, is a representative 
of the -orbit corresponding to z. 

Now, for z G H^{F, Z(G)), we define the corresponding Gelfand-Graev character 
by setting 

= InduF(0z)- 

We denote by Dqf the duality of Alvis-Curtis and define Irrr(G^) = {x S 
Irr(G^)|3zei/i(F,Z(G)), (x,r,) ^0} and 

(26) Irr,(G^) - {e^Z^c- (x) I X e Irr.(G^)}, 

where e^^ is a sign chosen to be such that ^x-^G'^ix) ^ Irr(G^). The elements of 
Irrr(G^) (resp. of Irrs(G^) are the so-called regular characters (resp. semisimple 
characters) of G^. In order to describe more precisely the sets Irrs(G^) and 
Irrr(G^), we first introduce further notation. We choose a a- and i^-stable torus 
To containing Z(G) and we consider the connected reductive group 



(27) 



G — To Xz(G) G, 



18 



OLIVIER BRUNAT 



where Z(G) acts on G and on To by translation. We extend a and F to G. 
Note that G has connected center and the derived subgroup of G contains G. 
Furthermore, T = TqT is an F-stable maximal torus of G contained in the F- 
stable Borel subgroup B = U x T of G. Moreover, we write (G*, F*) and (G*, i^*) 
for pairs dual to (G,i^) and (G,F), respectively. Then the embedding i : G — > G 
induces a surjective homomorphism i* : G* — > G*. Now, we write T and T for a set 
of i^*-stablerepresentat;ivesof s(G*)^* and^s(G*)^'. Note that s(G)^* = s(G^*) 
because the center of G is connected, and T is then a system of representatives of 
the semisimple classes of G^ . Furthermore, for s £ T, the F*-stable G*-classes 
of s are parametrized by the group _ff ^(F*, Ac* (s)). For a G Ac* (s)), we 

denote by Sa an F*-stable representative of the F*-stable class corresponding to a. 
Then the set 

(28) S=\^{sa\a^H^{F\AG.{s))] 

is a set of representatives of s(G*^ ). Note that the elements of T are chosen such 
that, if s 6 5, there is s G 7" with i*(s) — s. Now, for any semisimple element 
s e G*^* and s g G*-^' , we denote by f (G^, s) C Irr(G^) and £:(G^, s) C Irr(G^) 
the corresponding rational Lusztig series. Recall that £{G^,s) consists of the 
irreducible constituents of Deligne-Lusztig characters i?^* (s) with s G T^, where 
T^ denotes a maximal torus of G* obtained by twisting T* by w e W, and we 
have 

Irr(G^) = IJ £(G^,s) and Irr(G^) = |J £(6^,5). 

ses sf=f 

For ser, let W°{s) CW be the Weyl group of C^. (s). We define 

(29) = E ^tJ^' 



wew°{s) 

w°cs)\ 



(30) X. = -^^^ E <-^)RtJ^^ 



where e is the sign character of W and Eg — (—1)'^'^^'' ■ Here, rkp^ (G) denotes the 
Fq-rank of G; see [H 8.3]. Then we have Irrs(G^) ^{p^\sef} and Irrr(G^) = 
Xsl's £ T}. Let s £ T- Write J G T such that i*(s) = s and define 

(31) Xs = ResGF(x?) and ps = RcSqf (p?). 

Furthermore, for s G S, we recall that there is a surjective group homomorphism [3J 
(8.4)] 

a;0:i7i(F,Z(G))^Irr (^g.(s)^*). 

We now can recall the following result [3, Proposition 15.3, CoroUaire 15.14]. 

Theorem 3.1. For every s £ S, we have (^ItXs)^ ~ 1- We write Xs.i for 

the common constituent and put ps,i = £g£c°^^(s)Dg{Xs,i)- Moreover, for ^ G 
Irr(^G*(s)^ ), we define 

Xs,C =*"Xs,i and p^,^ =*"Ps,i, 
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where z is any elements of H^{F, Z{G)) such that cD^(z) — ^ and G T with 
t-^F{t,) e z. Then 

(1) For z G H^{F,Z{G)) and ^ G lrr{AG*{s)^ ), the character Xs^^ (resp. 
Ps ^) is an irreducible constituent ofTz (resp. of Dg(Tz)), if and only if 

(2) We have 

Xs= ^'''i X! 

(3) We have Irr,(G^) = {ps,i\s <E S, ^ E Irr(AG* (s)^* )} and Irr,r(G^) 
{X.,d'^e'5, eeIrr(AG.(s)^*)}. 

Convention 3.2. T/ie regular character 01 G Irr(U^) will be chosen to be a- 
stable. This choice is possible by [7, 3.1] (note that Lemma 3.1 o/ [7J is stated for a 
Frobenius map F' which commutes with F. But the argument is still valuable for a 
graph automorphism commuting with F). 

Proposition 3.3. Assume that 0i G Irr(U^) is chosen as in Convention \3.2[ For 
every z G H^{F,Z{G)), we have 

-r, = r,(,) and '^i?G-(r.) = i?G-(r.(.)). 

Moreover, the operation of (a) on the set of constituents of Ti and of {a*~^) 
on s{G*^ ) commute, and for s E S, if the G*^ -class of s is a* -stable, where 
a* : G* G* denotes the automorphism of G* obtained in dualizing a, then for 
every z G H^{F,Z(G)), we have 

'^Xs,wO(2) = Xs,wO(o-(z)) and "PsMajz) = Ps,u:°iaiz))- 

Proof. For s G 5, we have 

(32) ''£{G^,s)^£{G^,a*~\s)). 

The proof is similar to [6l Proposition 1.1] (because F and a commute). In par- 
ticular, one has "^Xs = Xct*-i(s) ^-i^d ps — Pa*-^{s)- Since is (j-stable, it follows 
that '^Fi = Fi. This implies that if s is cr*-stable, then Xs,i and ps,i are u-stable. 
We conclude as in the proof of [7, Theorem 3.6]. □ 

Remark 3.4. Note that Proposition 13.31 shows that H^{F, Z{G))°' parametrizes 
the (T-stable Gelfand-Graev characters of G^. 

Lemma 3.5. Suppose that H^{F, Z(G)) has prime order. Then every a-stable reg- 
ular (resp. semisimple) character of G^ is a constituent of some a-stable Gelfand- 
Graev character (resp. dual of Gelfand-Graev character) of G^ . 

Proof. Let x be a cr-stable regular character of G^. Thanks to Theorem I3.1f 3). 
there is s G 5 and ^ G Irr(AG* (s)^ ) such that x — Xs,c and Proposition l3.3l implies 
that the G*^ -class of s is cr*-stable. Let z G H^{F, Z{G)) be any element such 
that a)°(z) = ^. In particular, x e F^ by Theorem iniHl). Since 7Ji(F,Z(G)) has 
prime order, we deduce that ker(a)g) is is either trivial or equal to iJ^(F, Z(G)). 
If ker(w°) = H^iF, Z(G)), then ^ = lj°(1) and x S Fi, which is a-stable with our 
choice in Convention 13.21 Suppose now that ker(a)g) is trivial. By Proposition 13. 3) 
we also have '^Xs,^ = Xs,CiO{cr{z))- It follows from Theorem 13. 1( 1) that x is u-stable. 
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if and only if uj'^{a{z)) ~ li's(-z), which is equivalent to z ^<t{z) G ker(c2;^). Then 
cr(z) — z and Proposition 13.31 implies that '^Tz = F^, as required. □ 

Remark 3.6. Note that in general, if x is a cr-stable regular character of G''^, then 
X is not necessarily a constituent of some tr-stable Gelfand-Graev character of G''^. 
For example, consider a simple simply-connected group G of type ^3 defined over Fg 
(with q = 1 mod 4) and suppose that the corresponding Frobenius map F is split. 
We denote by ai, a2 and the simple roots of G (relative to an F and cr-stable 
maximal torus T of G) that we label as in [31 Planche I]. Write a for the non- 
trivial graph automorphism of ^3. The condition on q implies that F acts trivially 
on Z(G). Hence, H\F,Z[G)) = Z(G). Write zq for a generator of Z(G). With 
the choice of Convention [321 we write Vi — F^i (with < z < 3) for the 4 Gelfand- 
Graev characters of G''^. Furthermore, we will denote by ro,^ the fundamental 
weight corresponding to ai. Recall that G* = Gad- Define A = + ^s.) 

and write s = £ Tad. Then F{s) = s and a{s) = s. Moreover, A is stable 
under f^^i^ but not under Jzq- Thus, by Theorem [521 we have Ac* (A) = (^0 )j ^''^^ 
^G'(s)^ — ^2- Denote by 1 and 77 the irreducible characters of Ag*(s)^ , and 
by Xs,i and Xs,ri the corresponding regular characters of G^ as in Theorem 13. If 1). 
Since a acts as a; — >■ x~'^ on Z(G), we have 

^0(l) = c2;0(z2) = i and Co^^{z,) ^ u^izl) = ^, 

and Proposition 13.31 implies that Xs,i a-nd Xs,r) are tr-stable. Moreover, thanks 
to Theorem 13.1( 1). the Gelfand-Graev characters which have x^.i (resp. Xs,ri) as 
constituent are Fq and F2 (resp. Fi and F3). However, by Proposition [331 we have 

"Fo-Fo, "F2-F2 and "Fi - F3, 

and Xs,ri is a cr-stable regular character of G^ which is constituent of no cr-stable 
Gelfand-Graev characters of G^, as claimed. 

3.2. Disconnected reductive groups. By Clifford theory, an irreducible charac- 
ter X of is cr-stable, if and only if it extends to the group G^ x ( cr )• Moreover, if 
E{x) denotes an extension of x, then Gallagher's theorem [191 6.17] implies that ev- 
ery extension of x is obtained by tensoring E{x) with a linear character of G^ >^ ( cr ) 
trivial on G^. So, in order to obtain information about the sets Irrr(G^)'^ and 
Irrs(G^)'^, we aim to understand the extensions of these characters to G^ x (cr). 
For this, we will consider the group 

H G >^ (cr). 

We extend F to a Frobenius map on H by setting F{a) = cr (to simplify notation, 
the extended map will also be denoted by F). Note that H is a disconnected 
reductive group defined over (the rational structure is given by F), and H° = G. 
Moreover, cr is a rational quasi-central element in the sense of |151 1.15]. Now, for 
i > 0, we define a scalar product on the space of class functions on the coset G^ -cr^ 
by setting 

Recall that in 4.10], Digne and Michel define a duality involution D^f „i for 
I > on the set of class functions defined over the coset G^ • cr*, and prove in [151 
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4.13] that if X G Iit(H^) restricts to an irreducible character on G^, then the class 
function Duf (x) defined for all g G and i > by 

(33) ^H-(X)(.9^'') = DGF^a'ix\G^.a'){9^1, 

is (up to a sign) an irreducible character of H^. 

We suppose that (f>i G Irr(U^) is chosen as in Convention 13.21 In particular, (f>i 
is cr-stable and linear. Thus, 0i extends to a linear character £'(0i) of >^ (c) 
by setting 

(34) E{(t)i){ua) ^ (j)i{u) VueU^. 

This extension is the so-called canonical extension of (pi. We define 

(35) i?(ri)=lndg:,^,^(ii;(0i))- 

Note that, as direct consequence of Mackey's theorem [19", (5.6) p. 74], we have 

Hence, £'(ri) extends Ti. We write Ti^^ = ResGf-aiEiTi)). 

Write Ci for the set of irreducible constituents of Fi and for x £ , denote by 
E{x) the constituent of -^(ri) that extends x- Define 

(36) *i = E ^H-(i?(x)). 



Lemma 3.7. We suppose that Convention \3.2\ holds. Then we have 

ResGi'.,(*i) = i?G^.(ri,.), 

and (4'i,5'i)h^ = {^i,<T,^i,iT)Gf-a- In particular, 

(ri,,,ri,,)G.., = |s(G*^*)'^* . 

In [22], Sorlin develops a theory of Gelfand-Graev characters for disconnected 
groups when a is semisimple or unipotent. These characters are extensions of some 
(T-stable Gelfand-Graev characters of G^ to H^; see [5^1 §5]. In particular, the 
following result is proven [22, 8.3]. 

Theorem 3.8. Suppose that a is a unipotent or a semisimple element o/H^ and 
that H^{F, Z{G'^)) is trivial. Then has a unique Gelfand-Graev character T 
and we have 

(r.,r.)G-..-|z(G-)°^|g', 

where I is the semisimple rank of G'^ and denotes the restriction of T to the 
coset ■ a. 

Remark 3.9. The character E{Ti) defined in Equation ([55]) is a Gelfand-Graev 
character of H-'^ in the sense of [52], because the linear character E{(j)i) defined in 
Equation (03]) is regular [5?, Definition 4.1]). Note that by [8, 12.2.3] the graph 
automorphism a that we consider here always satisfies the condition (RS) defined 
in m Notation 2.1]. 
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3.3. A result of extendibility. Let n be a positive integer. The map F' — F" 

is a Frobenius map of G, which gives a rational structure over ¥qn. Note that F 
and a commute with F' . Then restrictions of these endomorphisms to induce 
automorphisms of G''^ , denoted by the same symbol in the following. Note that, 
viewed as an automorphism of G^ , the automorphism F has order n. We write 
A= {F,(t) and 

(37) Nf'/f ■■ Uf ^ Uf , u uF{u) . . . F'^'^u), 

for the norm map of Ui, where Ui is the group defined before Equation (pS)) . and 
we set Np,^p : Irr(Uf ) — > Irr(Uf ), i— >■ o Npi /p. Since F and a commute, we 
have 

(38) a o Np, /p = Np, /p o a. 

Lemma 3.10. If cj) is a a-stable character ofXJf, then the character Np, ^p.{(j)) is 
stable under F and a . 

Proof. Since Ui is abelian and connected, the map Npi/p is surjective [71 §2.4], 
and Np/^p is a bijection between Irr(Uf ) and Irr(Uf )^. Moreover, for every 
(f> e Irr(Uf )°', Equation ((38|) implies that Npi /p[(f)) is u-stable, as required. □ 

Remark 3.11. If e Irr(U^) is regular and a-stable, then the corresponding 
character of Uf is cr-stable. Applying Lemma 13.101 to this character, we obtain 
a character of Irr(Uf ) stable under F and a. Denote by the corresponding 
character of (with in its kernel). Then is a regular character of 
stable under F and a. Thus, (p extends to x (ct). Now, it follows from 
Equation ^ that £'(0) is F-stable. 

Convention 3.12. The character (f)i ofXJ^ used to parametrize the G elf and- Graev 
characters of is chosen to he a and F -stable. This is possible by Remark \3 . 1 1\ 

Proposition 3.13. Assume that G Irr(U^ ) is chosen as in Convention \3.12l 
Suppose that a is semisimple and that the characteristic p is a good prime of{G'^)°. 
// iJ^(-F', Z(G'^)) is trivial, then the constituents of'^i are F-stable. 

Proof. Denote by Ua the set of regular elements of H which are G-conjugate to 
an element of the coset U • cr. In [2^ §8], Sorlin defines a family of subsets 
^z)z<^m(F' ,7,{G)) of which form a partition oiU^ (see [221 8.1]). Furthermore, 
we define 

, \G^'\/\U^\ ligeU^ 

^"^^^ " \ otherwise ' 

Remark 13.91 and the proof of [22, Theoreme 8.4] imply that 

(39) ^G^.(ri,a) =7«, 

because H^{F' ,Z{G°')) is trivial. Recall that the irreducible characters of (a-) 
are described as follows. We fix a primitive |( cr )| -complex root of unity (To, and 
recall that the linear characters of (cr) are the morphisms Si : {a) — ;> such 
that £i{a) = erg. Let ps^i be a cr-stable constituent of Do^F'iTi). Then the set 
Irr(H^ jPs.i) of extensions of p^.i to consists of the characters 

Ps,i,i = E{p,^i)(i)e^ e Irr(H^'), 
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for any i > 0, where E{ps.i) denotes an extension of ps^i to (such extensions 
exist by [T9l 11.22]). Now, ^22, Proposition 8.1] imphes that is an H-^ -class 
(because p is good for (G"')", the group H^{F' , Z{G"')) is trivial and cr is semisim- 
ple). Hence, by Lemma [3.71 and Equation ([M)) . for any h ^ , we have 

= cro(7u,Ps,l )G*"-a 
In particular, since ctq has order |(cr)|, we deduce that 

(40) ps,i,i = Pss,j Pss,i{h) = Ps,ij{h) for heU^ . 

Suppose now that ps^i is F-stable. Then ^ Ps,i,i — Ps,i,j for some j > 0, because 
Irr(H-^ ,Ps,i) is F-stable, and for h e , we have 

P8,i,j{h) = ^Ps,iA^) 

= Ps,iAFW) 
= Ps,i,i(h), 

because F{h) G . Therefore, Equation P0|) implies that ^ Ps,i.i — Ps.i,i- D 

Remark 3.14. In fact, in the proof of Proposition 13.131 we proved that every 
extension to of an F- and cr-stable constituent of Dqf (Pi) is i^-stable. 

4. Application to finite groups of type E^ 

4.1. Preliminaries. In this section, G denotes a simple simply-connected group 
of type Eq over Fp. We suppose that p is a good prime for G (i.e., p 7^ 2, 3). Let 
T be a maximal torus of G contained in a Borel subgroup B of G. We denote 
by $ the root system of G relative to T, and by $+ and A the sets of positive 
roots and simple roots corresponding to B. For a G $, we write Xq for the 
corresponding root subgroup and choose an isomorphism : Fp — > Xq. Since 
G is simple, we have G — {xa{u)\a e $, u G Fp). For a G $ and t G Fp, 
we set na{t) = Xa{t)x^a{~t^^)xa{t)- Recall that the Weyl group W of G is 
generated by the coset riQ, (1) • T for all a G Moreover, for a G $ one has 

a^(i) = n„(i)n„(l)-i for aU t G Fp. Then, we have T = (Q:^(t) | a G i G Fp ) 
and B = (T, Xa{u), a G u G Fp); see [HI 1.12.1]. 

We write A = {ai, . . . , ag} as in [H Planche V] and denote by p the symmetry 
of A of order 2. As in i j3.11 we define the corresponding graph automorphism 
(7 : G ^ G and a split Frobenius map by setting F{xa(u)) = Xaiu^) for a G and 
M G Fp, which commute with a and defines an Fp-structure on G. Note that T and 
B are stable under F and cr. Moreover, by [4, Planche V], we have 

r«) = ar(0«3"(^'K(0«6"(e^), 

where ^ G Fp has order 3 (such an element exists because p 7^ 3). Define 



(41) 
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Then To is a subtorus of T which contains Z(G) = ), and is stable under 

a and F. In the following, we will use this torus for the construction of G as in 
Equation (f27| . 

Recall that is a simple group of type F4 (by [17, 1.15.2]) and T"^ is a maximal 
F-stable torus of G"", contained in the F-stable Borel subgroup B°" of (see [171 
4.1.4(c)]). In particular, Z(G'^) is trivial (for example, by Proposition [Til because 
y(T-,)/y(T- ) is trivial). 

Lemma 4.1. With the above notation, the group (G'^)° is a simple group of type 
F4. 

Proof. The automorphism cr of G stabilizes T and B. Then it is quasi-semisimple 
(see [ini 1.1]) and by [161 0.1], the group G'^ is reductive and the root system of 
(G'^)° only depends on $ (the root system of G) and on a. Hence, (G'^)° and 
G'^ have the same type, i.e., an irreducible root system of type F4. Furthermore, 
by [m 1.8], T' = (T"^)" is a maximal torus of (G'')". Now the exact sequence 

(42) ^ iX{T') n Q$)/Z$ ^ X{T')/m X{T')/{X{T') n Q$) 

induces an exact sequence for the p'-torsion subgroups of these groups. Since 
X{T')/{X{T') n Q*) has no torsion, we deduce that 

(43) ((X(T') n Q$)/Z$)^, ~ (X(T')/Z$)p, 

However, the group X(T') nQ$ is a subgroup of the weight lattice A. So, it follows 
that ((X(T') n Q$)/Z$)p/ is a subgroup of X(TfJ/X(T^j) = {1} (because G" 
is a simple group of type ^4, which implies that its fundamental group is trivial). 
It follows from Equation (gj) and d 4.1] that Z((G'^)°) is connected. Denote by 
Xo '■ T ^ ¥p the character of T induced by the character Tg — ?> , t H> t'^ in 
X{To) (the character xo is well-defined because it is trivial on Z(G)). Note that 
X{T) = ( a, a G A; Xo )■ Moreover, "'xo = ^Xq implies that 

Rkz ((1 - (t)X(T)) = Rkz ((1 - a)X(T)) + 1. 

Now, the proof of [15, 1.28] implies that 

dim(T') = Rkz (X(T)/(1 - a)X(T)) 

= Rkz (X(T)) - Rkz ((1 - CT)X(f )) 

= Rkz(X(T)) - Rkz ((1 - <j)XiT)) 
= dim(T'^). 

Hence, if denotes the root system of G'^, we deduce from [531 8.1.3] that 

dim((G'")°) = dim(T') + |$<x| 

= dim(T'^) + |$,| 

= dim(G''). 

The result follows. □ 

Let n be a positive integer, F' = F" and A = {F,a) as in ij3.3l We consider the 
finite group G^ . 
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Lemma 4.2. The subgroups of A are (a^F^ ) (for i e {1,3} and a divisor j of n) 
and (a) x {F^ ) (for a divisor j of n). 

Proof. Note that the elements of order 2 of A are ct, 

and cri^"/2 if n IS even 

and a otherwise. Let H he a. subgroup of A. Then H = H2 x H21 with H2 the 
2-Sylow subgroup of H and i?2' < {F). Then is cyclic if and only if H2 is cyclic 
if and only H2 contains a unique element of order 2. The result comes from the 
fact that if H2 contains more than one element of order 2, then a E H2- □ 

Denote by Irr/(U^ ) the set of linear characters of U-'^ and by Irrs(B-'^) the 
set of irreducible characters x of such that Res^^/ (x) has constituents in 
Irr/(U^ ). The characters of Irr5(B-'^ ) can be described as follows. The -orbits 
of Irr/(U''^ ) are parametrized by the subsets of A. For J C A, we denote by wj 
the corresponding -orbit, and write Lj for the standard Levi subgroup (which 
is F-stable) with set of simple roots J . Note that ijJj corresponds to the regular 
characters of Irr(Uj ). 

Convention 4.3. Write Aj — Stabyi(w,7). Then by [Tj Lemma 3.1] and Re- 
mark [3^Tl\ there is (j)j in uj an Aj-stable character. Moreover, StabA((/)j) — Aj 
and if T € A, then StabA(^0j) = Staby!i(0j), because A is abelian. Let Q be an A- 
orbit o/Irr/(U^ )/T^ and we fix uj G ^l. In the following, we will fix a A j -stable 
character G i^j, o,nd i/ J' C A is such that there is t lE A with ujji — ^wj, then 
we choose (jjji — '^(pj as representative for uj'. Note that (pji is well-defined (be- 
cause it does not depend on the choice of t d A with '^ujj — ujji ) and is Aj> -stable. 
This choice is compatible with Convention \3. 1 ^ 

Now, for z e H'^{F\Z{l,j)), we choose t^ G T such that t-'^F'{tz) G z and 
define 

(44) cj,j^,=^^c^j. 

Then the family ((/'j.z)jcA,zeHi(F'.z(L7)) is a system of representatives of the 
-orbits of Irri(U'^ ). Moreover, if we write Zj = Z(Lj), then for every z G 
H\F',Z(Lj)), we have Stab^^-' (^j,^) = zf. Now, for J C A, z G H^{F',Z(Lj)) 
and V 6 Irr(Zr), we define 

(45) XJ,z,V = Ind^F^2f ('^'^.■^ '^^)' 

where is the extension of (jjj^z to x Zj defined by (f>j^z{ut) = (jjj^ziu) for 
all u G U^' and < G Z J' . 

Lemma 4.4. Assume that Convention \4.S\ holds. For t € A, J C A, z € 
H\F',Z(Lj)) andip G Irr(Zf'), we have 

'^XJ,z.,ip = Xt{J),t{z),^tP- 

Proof. Using the induction formula |19[ 5.1], we have 

(46) "XJ.Z,^ = Ind^p,^^(2f ® "^)- 
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Since t and F' commute, we have t(Zj ) = t{Zj)^ = Zf^j-j, because t(Lj) = 
L^(j-). Moreover, the choices in Convention 14.31 implv that ^(^j,z is -conjugate 
to 4>t(J),t(z)^ ^iid the resuh follows. □ 

4.2. Equivariant bijections. We define B — D >i A, where D is the group of outer 
diagonal automorphism of induced by the inner automorphisms of /T^ . 
We denote by Od and O'^ the set of D-orbits of Irrs(G^') and Irrs(B^'). The 
group D has order 1 or 3. For i G {1, 3}, we write Oda and O'j^ ^ for the subset of 
elements of Od and of size i. For v G Irr(Z(G-^ ), we denote by Irr(G^ [v) the 
set of irreducible characters of G^ lying over v, that is x G Irr(G^ Iv) if and only 
if xlz(G*-') = • I'- We recall that Z(B) = Z(G), and for G Irr(Z(G^')) we set 

Irr^(G^V) =Irr(G^V)nlrr,(G^') and Irr^(B^V) = Irr(B^V) nlrr,(B^'), 

and denote by Od,!^ and 0^ ^ the set of D-orbits of Irr(G^ {v) and Irr(B^ 
respectively. For i G {1, 3}, we write OD,v,i (resp. ^ J for the subset of elements 
of Od,u (resp. of ^) of size i. 

Remark 4.5. By Theorem 13.1( 2). every Z?-orbit of Irrs(G^ ) is the set of con- 
stituents of some ps with s G S. We denote by 5s the Z?-orbit corresponding to 
s&S. Note that \5s\ = \Ag*{sY'\. For J C A and ip G Irr(z5"), we define 

(47) 5j^^ = {x,/,.,v, I z G H\F\ Z(Lj))}. 

Then the D-orbits of Irrs(B^ ) are the sets 5j^^ with J C A and -0 £ Irr(Zj ). 
Moreover, we have \5j^^\ = |i?i(F', Z(Lj))|. 

Lemma 4.6. Let v G Irr(Z(G^ ). Write A^, = Stab^(i') and suppose that OD.v,k 
and 0']j J. for k G {1, 3} are A^- equivalent. Then Irrs(G^ \i>) and Irrs(B^ are 
D X A^- equivalent. 

Proof. We choose A^-equivariant bijections /i : Od,v.i O'j^ ^ ^ and /a ; Od.v,z 

0'jy „3. We define : Irr^(G^V) ^ Irr^(B^V) as follows. Let 6s G Od,^- If 

Ss G OD,v,k for k G {1,3}, then by Remark 1131 there is J C A and G Irr(Zj ) 
such that fk{Ss) — 5j^^. Then we set 

Note that, if H^{F',Z{Lj)) is not trivial, then H^{F',Z{Lj)) and iJi(F',Z(G)) 
are identified by the map h]j : H^{F', Z(G)) iJ^^', Z(L,/)) defined in [14, 14.31] 
(which is an isomorphism in this case). Hence, the map is well-defined and is an 
D x: -equivariant bijection by Theorem 13.11 Lemma [4.41 Proposition 13.31 and [71 
3.6]. □ 

Theorem 4.7. Suppose that G is a simple simply- connected group of type Eq 
defined over ¥q with corresponding Frobenius F' . We suppose that F' is split. With 
the above notation, if v ^ Irr(Z(G)^ ), then the sets Irrs(G^ \v) and Irrs(B^ \v) 
are D x A^,- equivalent. 

Proof. Write q — p"^, F the split Frobenius map of G over Fp which stabilizes T 
and B, and a the graph automorphism of G with respect to T and B, as above. 
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Recall that F' = F". We will prove that Irrs(G^V) and Irrs(B^V) are D xi A^- 
equivalent, using Lemma [4.6l In order to prove that Oo^u.k and O'jj ^ f. for k G {1, 3} 
are Ai,-equivalent, we use [19^ 13.23]. 

First, we suppose that Z(G)^ = 1 and Z(G)^ = Z(G), that is p ^ 1 mod 3 and 
q= I mod 3. We write Irr(Z(G)-'^ ) — {lz,£,£^}- Note that n is even. Moreover, 
we have 

Ai^ = A and A^ = A^2 = {crF). 

Suppose that fc = 3 and ly — Iz- Let H < A (the subgroups of A are described in 
Lemma |4?2| . By Lemma [7, 5.7] and Equation ([32l) (which is valid for any element 
of A), we deduce that -^^ ^ \ is equal to the number of _ff*-stable classes of s(G*) 
with disconnected centralizer, where H* denotes the subgroup of automorphisms of 
G* induced by elements oi H. UH = {a}x{F^} or H={ a^F^ ), then we write 
d = Oid{Fi). We claim that ICf^i^^gl = P^"/"*- Indeed, Theorem 0;3) implies 
that every semisimple class of G with disconnected centralizer is cr-stable, and we 
conclude with Table [3l 

Now, in the proof of [7, 5.9], it is shown that \S'j^\ — 3, if and only if Zj — Tj x 

Hj , where Tj is a torus of rank |A| — \ J\ and Hj is isomorphic to H^{F', Z(Lj)). 
Moreover, the elements of S'j^^^^ lie over e™. So, O'jj ^m. 3 consists of the orbits 
'^itli \H^{F' M^j))\= 3- By [H Lemme 2.16, fable 2.17], a subset J C A 
parametrizes such an orbit if and only if it contains {ai, aa, as, ag}. Furthermore, 
by pn Lemma 4.4.7], the group G"' is a simple group of type F4 with root system 
$CT = {5 I a G $} where a — ^[a + p(a)), and the set of simple roots of G'^ 
with respect to T"' and B"^ is A^. — {5i,...,54}. Note that the labelling is as 
in [31 Planche VIII]. In particular. Si — 0,2 and 012 — are the long roots of A^-. 
Moreover, the root subgroup corresponding to a G ^o- is X~, where Xg = Xq if 
a = p{a) and X5: = X^ • ^p{a) if a 7^ Pio^)] see the proof of |T7l Lemma 4.4.7]. We 
associate to J C A the subset J C Ao- such that, if a cr-orbit of A lies in J, the 
corresponding root of A^. lies in J. Write <I> j = H ZJ. Then we have 

Lj = (T,X5, 5g$j) and Lj = ( T^ X|, 5 G 

where Lj is the standard Levi subgroup of G'^ with respect to T'^ corresponding 
to J, because T'^ is connected. Note that Lj ~ hj and £'(Lj) = D(Lj)°', where 
D(Lj) denotes the derived subgroup of Lj. Furthermore, we have Tj — Rad(Lj), 
which implies that Tj is cr-stable. Since Lj is connected (as a Levi subgroup), 
we deduce from [HI 1.31] and [23l 2.2.1] that = T^jDiLj)". This product is 
direct, because a fixes no non-trivial element of the center of Z3(Lj). It follows that 
Tj is connected (as group isomorphic to the connected quotient Lj/D(Lj)°'). In 
particular, Tj is a subgroup of Rad(Lj). Moreover, since D{'Lj)"' = D(Lj), we 
deduce from [23l 2.3.3] that dim(T5) dim(Rad(L5)), and [SJ, 1.8.2] implies that 

(48) T5-Rad(L5). 

Let <^j^0i2 G ^'d'^1z^3^ ^- Then J is cr-stable and contains {ai, a^, a^, ae}, and 
"ijj = ip. Moreover, we have (Tf")^'^'-^' ^ = (Tj)^' and Equation gS]) imphes that 
the set C£i°|.2^3 ^ ^ is in bijection with the set of characters Xj ^ of Irrs((B'^)-'^^ ) 
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such that J contains {as, 0:4}. Therefore, [5, Lemma 5.4] imphes that 



(49) 



O 



t(a)x{F^) 
D,lz,3 



2n/d 



Similarly, since (a^F^)" = F' (because n is even), for a cr*-stable J C A, we have 
(Tj )"" — Tj ^\ and we deduce that 0'l^\^^^ is in bijection with the D-orbits 
of size 3 of Irrs(B°''^\ I2). As above, [1] 2.17] and (5] Lemma 5.4] implies that 
\^'d\ ^3^1= p'^^i/d _ This discussion proves that, \i v = Iz, then for every H < A 
we have 

(50) |Of.i.,3l - \0- 



jH I 
-D,lz,3l- 



Now, if 1/ = £™ with m = ±1, then ^ {uF) and for every H = ( ) < A^, 
the same argument shows that 



(51) 



H 

D,e"\3 



iH 

D,e" 



So, this proves that for every v £ Irr(Z(G)-'^ ), the sets Od.i/.s and ©^^3 are 
Ay-equivalent. 

Suppose now that k = 1. Note that s{G*^ ) and On are ^-equivalent. Let d be 
a divisor of n. Then, we have \s{G*^" )^''"'^'" = |s(G*-'^'"^'')|, because the set 
of representatives T of F'-stable semisimple classes of G* can be chosen such that 
if the class of t G T is cr**i^*"/^-stable, then cr**F*"/'*(i) = t. We then conclude 
using the fact that a power of cF*^p*n/d equals F' and with Equation (^51 . So, 
by 1.1], we deduce that 

2p2»/d if Z(G)'^"^"'' 



(52) 



,|A|/d, 



.|A|/d 



Z(G) 



otherwise 



Furthermore, if i g 7" is chosen i^*"/''-stable when the class of t in G* is F*^/"^- 
stable, then we have |s(G*'^'*)<'^* = |s(G*^"^'')'"*)|. Thanks to Theo- 

rem [SiHl we deduce that 



(53) 



P 



n\Atr\/d 



Now, using the case fc = 3, the fact that On = Od.i LI Od,3 and Equations ([5^ 
and we deduce that 



(54) 



O 



P 



o 



{a*)x{F*"/'*) 



D.l 



P 



n\A^\/d _ p2n/d 



Moreover, note that the argument at the beginning of the proof shows that the 

' ), which has v'^^^"^ elements 



set 0^'^)x<'P"^'') is in bijection with Irr,((B'")^ 



by [g Proposition 3]. The set O^'^"'^" ^ is in bijection with Irrs(B'^ ^ ), which 
has p"'\^\/d + 2p2"/rf elements if cr*F"/'* acts trivially on Z(G), and /l^l elements 
otherwise. Since = ^ U 3, we deduce from Equations ^U^i and ((^ 
that 



(55) 



^p»|A|/rf 



^"/'^ and 



D.l 



= p"|A„|/d _p2n/d^ 



Equations (|54p and ([55)) prove that the sets O^i.i and are A-equivalent. So, 

by [g Theorem 1.1], the sets lir^G''' and Irrs(B^',j/) are in bijection. Since 
Od,i^,3 and ©^,^3 are in bijection by Equations (|50|) and ([5T|). we deduce that 
Od,^,i and O^i 1 have the same cardinal. Moreover, if H is not a subgroup of 
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H 


71 


(cr) X (i^"/'') 






I^D,l.,3l 




p2n/d 


p2n/d 


p2n/d 









p2n/d 







odd 


pn|A„|/(i __p2n/d 


apn/d 


pn\\a\/d _p2n/d 




even 


pn\\a\/d _p2n/d 


apn/d 


pn\\\/d _ pp.nl d 


















p2n/d 


p2n/d 


p2n/d 









p2n/d 







odd 


pri|ACT|/d _p2n/d 


apn/d 


pn\\„\/d _p2n/d 




even 


pn\A„\/d p2n/d 


apn/d 


pjn\\\/d _ p2n/d 









bpn/d 






Table 4. Case when Z(G)^ = Z(G) 



(ctF), then every iJ-stable character of Irrs(G^ ) (resp. Irrs(B^ )) hes over Iz- 
Now, let H ~ (cr'F"/'^) be a subgroup of {crF). We consider the norm map 
Np,/„,pn/d : Z(G) ^ Z(G), which is weh-defined because (a^f "/'^)" = By [71 
Lemma 5.8, Lemma 5.9], if Np, j^ipn/d is surjective, then every set O'p,^^^ and 
^'dv\ contains _ p^n/d-j characters invariant under a^F'^l'^. Otherwise 

(i.e., when Np, j^ipn/d is trivial), the (T'F"/'*-stable characters of Irrs(G^ ) and 
Irrs(B-'^ ) lie over \z- So, this proves that, for every subgroup H of A^, we have 

|Oa.,iI = |OamI- 

Therefore, the sets Od.v,\ and O'p, ^ ^ are v4,y-equivalent, as required. 

Now, we suppose that Z(G)''^ and Z(G)''^ are trivial, that is, p ^ 1 mod 3 
and g ^ 1 mod 3. Then D is trivial and we conclude using the argument of 
Equations ([5^ and (|53l) . and the discussion following Equation ([5^ . 

Finally, suppose that Z(G)^ = Z(G), i.e. ■p = q=\ mod 3. Then Z(G)^' = 
Z(G). If n is odd, we remark that if X is a ( aF'^^'^ )-set and an ( F' )-set, and if 
X is fixed by aF'^l'^{x) and F', then F'^l'^(x) = x and (j{x) = x. In particular, 
we can compare | Irr3(G^ \ with the number of semisimple classes of G^ ' 

fixed by a (there are ^"l^^l/d such classes by Lemma [3.71 and Theorem I3.8p . and 
|Irrs(B^')<'"'P"^''>| with |Irrs((B'")^'')| = If n is even, then {a^F^) = 

F' and we are in the same situation as the first case of the proof. Using the 
same argument as above we deduce the numbers of Table We set apn/d = 
bpn/d = p"!-^!/** — p2n/d ^]^gj;^ ^jjg norm map Np,/pn/d is surjective, and Upn/d — 
pn\A\/d _ 3p2n/d ^ q otherwise. It follows that OD,,.,k and O'jj ^^j. are 

A,y-equivalent. This proves the claim. □ 



4.3. Inductive McKay condition. 
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Lemma 4.8. Let H = GC be a finite central product with Z = G H C. Suppose 
that C is abelian and that r G Aut(i7) acts on G and C. For x G Irr(G)'^, write 
V = Res2(x)- If v extends to a t -stable character of C , then we have 

\IniH\xV\^\iC/Zn 

Proof. Recall that, for 9 G Irr(_ff), if we write 7 = Res^(6'), then there are unique 
01 G Irr(G|7) and 62 G Irr(C|7) such that 9 = 9i . 02, where . is the dot product, 
defined by 9i . 92{gig2) = 0i{gi)d2{92) for aU gi G G and g2 G C. Let x & Irr(G')^. 
Write v = Resf (x). Then we have 

lri{H\x) ^{x-0\9(^ lrr{C\iy)}. 

Since x is T-stable, so is v and Irr(C|i^) is r-stable. Furthermore, % . is r-stable 
if and only if is r-stable. In particular, the set lri{H\xy is parametrized by 
Irr(C|i^)'^. Moreover, C is abelian, then i' extends to a linear character of C (denoted 
by the same symbol) [191 5.4] and by assumption, i' can be supposed to be r-stable. 
It follows that the map gi, : Irr(C|lz) Irr(C|i^), 6* i-> 6*;/ is a bijection such that 
Irr(C|i^)'^ ~ .g,y(Irr(C|l2)'^) (because if i' is r-stable, so is But we can identify 

Irr(C|lz) with Irr(C/.Z) and the action of r on these sets is compatible. Hence, we 
have I Irr(C|lz)^| = | Irr(C/Z)^| and the resuh follows from [H 6.32]. □ 

We recall that if iV is a normal subgroup of G, then we can associate to every 
G-invariant irreducible character of TV an element [x] g /n of tie second cohomology 
group i72(G/7V,C^) of G/N. 

Theorem 4.9. Let p > 'i be a prime number and q a p-power. Then the finite 
simple group EQ{q) is "good" for the prime p. 

Proof. Let X be a simple group of type Eq with parameter q = p". In order to 
prove that X is "good" for p, we will show that X satisfies the properties (l)-(8) 
of |20[ §10]. Let G be a simple simply-connected group of type defined over 
F, and with split Frobenius map F' : G ^ G. Recall that X = G^7z(G)^' 
and G^ is the universal cover of X. Moreover, the subgroup IJ-'^ is a p-Sylow 
subgroup of G^ with normalizer . We set M = and we will show that 
M has the required properties. By |f5^, Lemma 5], we have Irrs(G''^ ) = Irrp'(G-'^ ) 
and lrrs(B^') = Irrp.(B-'^'). Let 1/ G Irr(Z(G)^') and = D xi as above. By 
Theorem l4.61 there is an ^i,-equivariant bijection <I>y : Irrp'(G^ — > Irrp'(B-'^ 
Thus, Properties (l)-(4) of PUI §10] are satisfied. For x G Irrp/(G''^ we define 

Gx = G X StabA„(x) and G^^ = G' x Stab^^ («',.(x)), 

where G — (resp. G' — B^ ) if x is not I^-stable, and G = G^ (resp., 

G' = B-'^ ) otherwise, where G is the connected group defined in Equation ^17} 
with the convention of ij4.1l We have Z(G^ ) < Z(Gx) and Stabi3xiA(x) is induced 
by the conjugation action of N(3^(U^ ). So. the property (5) of [IHl §10] holds. We 
set C = Z(G). Then G = CgJG^') and the property (6) of ^ §10] is true. 

In order to prove the properties (7) and (8) of pOl §10], we will first show 
that X and ^v{x) extend to G^^ and G^, respectively. If x is not D-stable, then 
StabA(x) < {F,a). If StabA(x) is cyclic, then x extends to G^ by 11.22]. 
Otherwise, StabA(x) = (cr,F"/'^) for some divisor d of n, and by Proposition 13. 13l 
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the extensions of x to x a are F"/''-stable, and thus extend to by [191 
11.22]. So, X is extendible to G^. 

Suppose now that D is not trivial and x is -D-stable. In particular, x is extendible 
to . Write — StabA(x)- We will prove that x extends to an A^-stable 
character of G''^ . First, we suppose that a E and we write H — GC. Recall 
that H is a central product and that C = Z{G^ ). By [31 §6.B], H has index |D| in 
G^'. Note that X is over Iz- Since Ic hes in Irr(G|l2), we deduce from Lemma 14.81 
that the character x-^c is A^-stable. Moreover, Gallagher's theorem implies that 
the elements of i? = Irr(G''^ \x ■ Ic) extend x ^iid l-^"! = l-^l = 3. Moreover, E is 
A^-stable. Denote by p : A^ &e the homomorphism of groups induced by this 
operation. Suppose that a G A^. Note that a does not act trivially on E (because 
if cr fixes a character of E, then the action of a on E is equivalent to the action of 
a on G''^ /H, which is not trivial). So, p{a) ^ 1 and p[ci) has order 2. Thus, a 
has to fix a character of E. Suppose now that there is S A^. Since a and 
commute, we deduce that centralizes p((t). But ~ 63 and the centralizer 

of p(a) in has order 2. Thus, there is an A^-stable character x i^ By [121 

I. 31], we hav^e G"" = Rad(G)'"£)(G)'', because a has order 2 and | Z(D(G))| = 3. 
Since Rad(G) = Tq (cf. Equation (j4T|) ) has dimension 1, we deduce that cr acts 
by inversion on Tq and |Tq| = 2. Hence, G'^ is disconnected with connected 
component a simple group of type F4 (by Lemma [4. ip of index 2. We deduce that 
I Z(G°')| = 2. Denote by * the character of G constructed in Equation ([36]). The 
character x extends to a character -E(x) of G-'^ x ( ), and ( 'J, E(x) = il- 
Moreover, by [22l Proposition 7.2] 5* has non-zero values only on (see the proof 
of Proposition 13.131 for the definition) , which is the union of the two classes U\ and 
U-\ of G-'^ XI (c) (by [22, Proposition 8.1], because cr is semisimple). Then i?(x) 
has a non-zero value on at least U\ or U^\. But fixes these two classes (because 
there is an F*-stable element in lA^ . So, its G^ x ( a )-class is F*-stable and the 
other class has to be also F*-stable). Then the argument of Proposition 13.131 shows 
that E{x) is F*-stable. It follows that E{x) extends to (G^' xj ( cr )) x ( ) by [H 

II. 22]. This proves that x extends to G^. 

Now, we suppose that a ^A^. Then A^ = ( cr'F"/'' ) for some d n. Moreover, 
as we have seen in the proof of Theorem [121 we have F' = (cr^F"/'*)" (if not, cr 
has to fix x). Then, there is a semisimple element s of G*^ such that x = Ps,i- 
Since Acr*{s)^ is trivial, by the Lang-Steinberg theorem, we can suppose that s 
is chosen to be o-*'F*"/''-stable. Let s be an cr**F*"/''-stable semisimple element 
of G* such that i*{s) — s (such elements exist by the Lang-Steinberg theorem, 
because ker(i*) is connected and cr*'F*"/'^-stable). Note that G*^'*, and since 
s is cr**F*"/'^-stable, the character ps is cr*F"/''-stable. Moreover, ps extends x- 
Since G^^ is a cyclic extension of G^ , we deduce from [19, 11.22] that x extends to 
G^, as required. 

Write x' = '^vix)- Then there are J C A, z e H'^{F',Zj) and -0 G Irr(Tj)^' 

rpF' 

with Res „,(■)/') — v, such that x' — XJzth- Suppose that x' is F^-stable. Then 
z = 1 and Tj is connected. Write Tj = C^f/(0j), where (pj is chosen as in 
Convention 14.31 Note that Tj is a torus because the center of G is connected. 
Then Tj is a subtorus of Tj and by [14, 0.5], there is an F'-stable subtorus T' of 
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Tj such that Tj = Tj • T' (as direct product). By [191 6.17] and the construction 
of Equation (|45|) applied to B and B, we deduce that 

Irr(B^'|Xj,i,^) = {xj,i,V»mIm e Irr(T'^')}, 

where Xj.i>®m denotes the character of B-'^ defined in Equation (H5t . Note that if 
Tj is cr^F^-stable (for any i, j), then T' is cr*FJ-stable. Write A^, = StabA(x')- I* 
fohows that the character Xj.i,V"»1t/f' ^ Irr(B^ ) is an A^'-stable extension of x'- 
For T S A^' , (pj and ip are r-stable. Write tp = ip CSi 1-j.,f' . Then Tj and 4>.j ®ip 
are A^/-stable. Hence, as hnear character, (pj ® ip extends to a hnear character 
E($j ® 4>) of (U^' >^ T5") >^ Ax', and by [19, (5.6) p.74], we have 

(56) X,,,,~ = Res|:>"- (lndf;:r;|;,^,,^,i?(0.®V:)) • 

Hence, x' extends to G^. Suppose that x' is not Z?-stable. If A^i is cycUc, then 
x' extends to G'^ by [191 11.22]. Otherwise, z — 1 and we can show that x' 
extends to A^i , because we can construct an extension of XJ,i,ili to B^ xi A^i as in 
Equation ([56| . 

We now will prove the properties (7) and (8) of |201 §10]. If x is not _D-stable, 
then C — Z(G)^ and we choose 7 = 1/. Then x ■ 7 = X ^-nd ^u{x) • 7 = 'I'i^(x) ^-nd 
by the preceding discussion, these characters extend to and G'^. Then by [191 
11.7], we have 

and Properties (7) and (8) of |20| §10] are proven in this case. 

Suppose now that D is not trivial and that x is I?-stable. li v = Iz then we 
set 7 = Ic, which is G^ and G^^-stable. Moreover, as we have seen, the characters 
X . Ic and <^v{x) • Ic extend to G^ and G^. li v ^ Iz, then G^ = (F") with 
F" = a'F"/'^ for some d 7^ 1 and F"" = F' . Moreover, since ^ 1 is i^"-stable, it 
follows that F" acts trivially on Z(G)^ . Note that $,y(x) is -D-stable and extends 
to G'^. Denote by x' such an extension and write 

Then 7 is G'^-stable and G^-stable and lies over i'. Furthermore, by ^W, 6.17], we 
have 



(57) Irr(G^'lx)^" = Irr(G^ 

As we have seen previously, x = Ps.i for some .^''-stable semisimple element s e 
G*^ and there is an i^"-stable semisimple element J e G*^ such that i*(s) = s. 
Then by [3, (15.9)], we have Irr(G^ |x) = {Psz,i I 2 £ G} and [31 Lemma 8.3] implies 
that this set is in bijection with G because Aq. (s)^ is trivial. Moreover, since s is 
F"-stable, these operations are _F"-equivalent and | Irr(G''^ , |x)^ | = \. Now, 
Lemma [4.81 implies that |Irr(G^|x)^ | — |/3, because F" acts trivially on 
Z(G^) = G^ nG. Since | Irr(G^' |0)^" | < 3 (because G^G has index 3 in G^' and 
by [191 6.17]), we deduce from Equation (|57p that | Irr(G^ 16*)^ | has to be equal 
to 3. But X • 7 G Irr(G^ C'lx)^ • Thus, x • 7 extends to an F"-stable character of 



'^F' \Q\F" 
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and [El 11.22] implies that x ' 7 extends to G^- We conclude using 11.7] 

that 

Hence, the properties (7) and (8) of [20, §10] hold, as required. □ 

Theorem 4.10. Let p > 3 be a prime number and q a p-power. Then the finite 
simple group '^Ee{q) is "good" for the prime p. 

Proof. We set F' = aF"-. Then is the universal cover of "^E^^q), and the outer 
automorphism group of G^ is x ( ), where F acts on G^ as an automorphism 
of order 2n. For u) G A/p, we set X^j = HaGcj^a- Note that is a subgroup of 
U, because G is of type Eq and if the roots a and p{a) are distinct, then they are 
orthogonal. Moreover, by §8.1] we have Uf ~ riweA/p-^^^ (^^ direct product) 
and can construct the Gelfand Graev characters, the regular characters and the 
semisimple characters of G^ as in §3.11 Note that the analogue of Theorem 13. II is 
valid (see [3, Proposition 15.3, CoroUaire 15.14]) and the regular character 0i of 
Irr/(U^ ) can be chosen F-stable by [19, 6.32]. In particular, if s is an F*-stable 
element of G*-'^ , then for every z G H^{F' , Z(G)), we have 

pi 

Ps,Q°{z) = Ps,Q«{F^{z))- 

For every J C A/p, we write ujj for the corresponding T^ -orbit in Irr/(U^ ) and 
we choose a representative (f>j G wj as in Convention 14.31 Then we can define 
G Irrs(B-'^') as in Equation (|45]), which satisfies Lemma |4]4l 
Let E be an F- and F'-set, and let a; G -E be such that F''{x) — x and F'{x) — x. 
Denote by d the order of F*' (viewed as an automorphism of G^ ). If d is even (resp. 
odd), then this is equivalent to (j{x) — x and F'^{x) — x (resp. (jF'^/'^{x) — x). 
Moreover, note that if Z(G)^' = Z(G), then Z(G)^ = {1} and n is odd. Using these 
facts, we can prove in a similar way as in the proof of Theorem 14. 7( that for every 
V G Irr(Z(G)^ ) and = Stah/^p'^{i'), there is an Z? xi A^-equivariant bijection 
between Irrs(G''^ and Irrs(B^ ). Finally, we prove that the properties (5)-(8) 
of [20l §10] are satisfied as in the proof of Theorem 14.91 □ 

Remark 4.11. This method is not sufficient to show the statement for p G {2,3}. 
Indeed, we need the assumption that p is a good prime for G to apply the "relative" 
version of the McKay Conjecture proved in [5, Theorem 1.1], and ^22j Proposition 
8.1(ii)]. 

Proposition 4.12. Suppose that X = PSLi{p^) or X ~ PSU£(p") such that p is 
odd and £ is an odd prime number that not divides p. Then X is "good" for p. 

Proof. We set G ~ GL£(Fp) and denote by F the standard Frobenius map of G 
which acts by raising all entries of a matrix to the p-power. Write F' — and a 
for the non-trivial graph automorphism with respect to the i^-stable Borel subgroup 
of lower triangular matrices and the i^-stable maximal torus T of diagonal matrices 
of G. We set G = SL^(Fp), T = T n G and B = B n G. Note that G'" = GO<;(Fp) 
and G'" SO^Fp), which implies that Z(G'") = {1} and Z(G'") has order 2. 
Denote by A = {ai, . . . , ag-i} the set of simple roots of G with respect to T 
and B. We set 5^ = ^{a^ + a^-i) and A^ = {5^ 1 1 < 1 < (^ - l)/2}. Then 
it is proven in [17. Lemma 4.4.7] that A^ is the set of simple roots of G"^ with 
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respect to T'^ and B'^. Moreover, if we set X5, = Xa..Xaf_, for 1 < i < - 3)/2 
and X3(j_jj^2 = (Xq(^_jj^2, Xq(^^jj^2 ): then the group X~. is the root subgroup 
corresponding to af, see the proof of [17, Lemma 4.4.7]. Write J for the subset of 
Act associated to a cr-stable subset J of A. Since Z(G)'^ — {1}, it foUows from the 
argument of the proof of Theorem 14.71 that Tj (here, Tj denotes the radical of Lj 
as before) is the radical of the Levi subgroup L j of G"^. 

Therefore, by a similar argument to Lemma 14.61 and Theorem 14. 7) we show that 
for e Irr(Z(G)^ ), there is an A^-equivariant bijection between Irrs(G^ and 
Irr«(B^>). 

Now, we suppose that x S Irr(G''^ ) is -stable and we denote by its inertia 
subgroup in Aut(G^ ). As above, we write E = Irr(G'^ |x-lc), where C = Z(G^ ). 
Then \E\ ~ I and x . Ic is A^-stable. So, A^^ acts on E. Suppose that a G A^. 
Since a has order 2 and that I is odd, a fixes a character x of E. Thus, by Clifford 
theory and by [191 6.32], the actions of cr on _B and on G^ /G^C are equivalent. 
Since a acts by inversion on this group and has no non-trivial fixed point (because 
^ is odd), we deduce that x is the unique cr-stable character of E. Let r G A^. 
Then r and cr commute and t(x) is a cr-stable character of E. By unicity, t{x) = Xi 
which proves that E has an A^-stable element. Finally, we conclude with a similar 
argument to the proof of Theorem 14.91 The proof for a twisted Frobenius map is 
similar and the claim is proven. □ 
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